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ABSTRACT
Basic properties of 2D-nonlinear scale-space representations of images are considered. First, local-energy filters
are used to estimate the Hausdorff dimension, D H , of images. A new fractal dimension, D N , defined as a property
of 2D-curvature representations on multiple scales, is introduced as a natural extension of traditional fractal
dimensions, and it is shown that the two types of fractal dimensions can give a less ambiguous description of
fractal image structure. Since fractal analysis is just one (limited) aspect of scale-space analysis, some more general properties of curvature representations on multiple scales are considered. Simulations are used to analyse the
stability of curvature maxima across scale and to illustrate that spurious resolution can be avoided by extracting
2D-curvature features.

1. INTRODUCTION
Many processes shaping our physical environment produce fractal surfaces, i.e, surfaces characterized by a fractal dimension [8][12]. Furthermore, it has been shown that isotropic Lambertian fractal surfaces of constant
albedo yield fractal images [13]. Thus, one should expect the fractal dimension to reflect statistical properties of
natural images. The fractal dimension of surfaces and curves has been related to human perception, e.g., the perception of roughness [13] and the ability of humans to perceive shapes when looking at patterns with fractal contours [15].
In the natural sciences, the theory of fractal sets is relevant to investigations of changes of a physical quantity
when the degree of coarse-graining in observation (scale) is changed. Similar problems arise in computer vision,
in the sense that visual systems (artificial or biological) must operate on multiple scales, and indeed there is evidence that the visual input is processed by different types of neurons at multiple levels of resolution[16]. In this
paper we investigate how different models of visual neurons can be related to fractal analysis, in the sense that
the difference of activity of self-similar filters is related to the fractal dimension of the image. It will be shown,
however, that the computation of only one fractal dimension is not sufficient for capturing fractal properties of
images. This is because a “line” (an object with topological dimension d T = 1 ) with a certain fractal dimension
will look like a coastline, but a fractal “surface” will not necessarily look like a natural landscape. Also, two surfaces with the same fractal dimension can look very different (see Figure 1). We will point out that this problem
can be solved by introducing a new fractal dimension, D N , defined as a property of 2D-curvature scale spacea.
The possibility to generate fractal landscapes and other patterns which look natural (and nice) was a major argument for the application of fractal ideas. In [4] simple algorithms operating with curvature at different levels of
resolution were used to generate such fractal landscapes and patterns.
a. Introducing a new fractal dimension is in accordance with the current state of affairs in the fractal sciences which are “far
from a complete understanding of fractal dimensions” [17].
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Figure 1. Two self-similar fractal images (top) with the same fractal dimension D = 2.5 and the
corresponding partial surface plots (below). The fractal cylinder in a has been obtained by extending a cut
through the image b to full height It should be clear that if a traditional fractal measure “reports” to see a
fractal landscape with D = 2.5 we can not know whether it looks like in a or like in b. We might, of course,
find practical algorithms giving different results for a and b, but the theoretical measures these algorithms are
supposed to approximate (e.g., the Hausdorff- or capacity dimensions) are the same.
Although the fractal dimension is the most basic quantity for the representation of self similar shapes, it is impossible to describe more complex shapes with only one number [17]a. These limitations lead us to study more general scale-space properties. In computer vision it is well accepted that the visual system uses representations on
multiple scales, and different approaches based on the idea of a linear scale space have been presented. However,
any vision system needs to represent shape, and most image (or object) properties related to shape involve nonlinear operations. Indeed, nonlinear 2D-detectors have been found in the visual cortex (hypercomplex- and dotresponsive cells). These neurons are sensitive to intrinsically two-dimensional features like line ends or corners.
They ignore 1D-signals (parabolic surface regions in the sense of differential geometry) like straight lines or
straight edges. Possible relationships between curvature and the end-stopping property of these neurons have
been pointed out by several authors (see [20] for a discussion). Models for these neurons have been derived from
filter theory and differential geometry [21][20]. They are based on the concept of intrinsic dimensionality and
have been related to image coding. In particular, it has been shown that images can be reconstructed from a 2Dcurvature scale-space representation [2][24][3]. Linear scale space and nonlinear shape features are usually
linked by assuming that the nonlinear features are extracted from the linear scale space at several scales. We suggest that these nonlinear multi-scale features should be studied in the framework of a non-linear scale space
which will have a structure different from the original (linear) one. As to our knowledge, a general treatment of
a. Extensions of fractal dimensions and multi-fractals are current topics of fractal theory.
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nonlinear scale space has not been published as yet, and the problem will not be solved in this paper. However,
we will show that a 2D-curvature scale-space based on the above mentioned concepts has several advantages
over a linear scale space.

2. FRACTAL PROPERTIES
2.1 Measuring fractal dimensions
“Fractal dimension” is a generic name for dimensions which can take fractional values [17] (see Table 1).
Table 1. Definitions for different dimensions - adapted from [17].
Symbol

Name

Definition

d

Euclidean dimension

Dimension of the Euclidean space in which the observed set
is embedded. Takes integer values only.

dT

Topological dimension

Takes integer values only. Defined as the dimension of the
geometric object on which a set can be transformed by a continuous mapping (0 for a point, 1 for a line,...).

D

Fractal dimension

Generic terminology without strict definition; often identified
with Hausdorff dimension or capacity dimension.

DS

Similarity dimension

Defined for strictly self-similar objects.

DH

Hausdorff dimension

Defined by most efficient covering.

DC

Capacity dimension

Defined by covering with identical spheres or cubes.

DI

Information dimension

Calculated from a probability distribution.

DL

Lyapunov dimension

Used to characterise the dimension of the chaotic attractor.

DF

Fourier dimension

Defined by the decrease of the power spectrum.

Formally, a fractal surface is a set belonging to ℜ 3 , such that its Hausdorff dimension, D H , is fractional, and
2 ≤ D H ≤ 3 . Usually it is assumed that fractal surfaces are self-affine and isotropic but in general this is not
always the case [17][8][12].
It has been claimed that “dimension provides the natural vehicle to make the notion of degree of freedom more
precise“[5]. This statement can be made more clear if one considers the difference between the Euclidean dimension and the topological dimension. The Euclidean dimension, i.e., the dimension of the space in which the set is
embedded, gives the maximum number of possible degrees of freedom for every point of a set, whereas the topological dimension defines the degree of freedom remaining when the constraints that specify the membership to
the set are enforced. Thus, each element of a set of points in a 3D space has 3 degrees of freedom, but if this set is
supposed to form a surface all points must satisfy the constraint F ( x, y, z ) = 0 for some function F . The
degrees of freedom reduce to 2, that this the topological dimension of a surface. This relation can be extended to
the case of fractional dimensions if one considers the notion of information dimension [5]. This dimension measures the quantity of information about the state of a system gained when making a measurement. It can be proved
that the similarity dimension, and, in most cases of interest, the Hausdorff dimension are an upper bound for the
information dimension, obtained when the asymptotic distribution is supposed to be uniform.
From an image processing point of view, it is possible to introduce a different definition of dimension, the intrinsic dimension, which is connected with the redundancy of a two-dimensional signal and the surface types in differential geometry [2][24][3]. Roughly speaking, redundancy occurs if a process does not use its degrees of
freedom. Thus planar surfaces (0D-image regions) have intrinsic dimension 0 - they do not use any degree of
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freedom. Parabolic surfaces correspond to 1D-regions since they use only one degree of freedom. Only surfaces
with Gaussian curvature different from zero (2D regions) have no clear (integer) restriction of their dimensionality. In analogy, we look for intrinsic fractal dimensions which are closer to a global quantification of how far a
system uses it’s degrees of freedom.
From a signal processing point of view, the fractal dimension D can be derived from a power spectrum of the
form S ( ρ, θ ) = ρ

–β2

with 2 < β 2 < 4 . The fact that the power spectra of most natural images lie within this

a

range is well known and has been used in standard image coding. Modern coding techniques, however, have to
make use of more complex (higher order) statistical dependencies in natural images[24].
2.1.1 Isotropic fractals
Let { G i } be a family of band-pass filters, defined, in polar coordinates ρ, θ , as
ρ
G i ( ρ, θ ) = M  log ----  φ ( θ ) ,
ρi

(1)

and let the domain of definition of the filter be the interval [ ρ i ⁄ a, aρ i ] , where a is a constant. Further suppose
that any filter is the copy of any other, translated along a logarithmic scale log ( ρ ) , and that their centres are
equally spaced along this scale.
–β
Let S ( ρ, θ ) = ρ 2 be an isotropic two-dimensional power spectrum. Define
aρ i

Ri =

∫∫ρ

–β2

∫φ

2 ( θ)

∫

G i2 ( ρ, θ ) ρ dρ dθ =

ρ

∫

M 2 ( log ( ρ ⁄ ρ i ) ) dρ φ 2 ( θ ) dθ.

ρi ⁄ a

2π

Set c 1 =

2π
– β2 + 1

(2)

0

dθ and y = ρ ⁄ ρ i , then

0

a

Ri =

–β +2
c1 ρi 2

∫y

– β2 + 1

M 2 ( log ( y ) ) dy.

(3)

1⁄a

A straightforward application of the mean-value theorem [6] shows that
a

Ri =

–β +2
c1 ξi 2

∫y

– 1 M 2 ( log

( y ) ) dy,

(4)

1⁄a

where ξ i belongs to the interval [ ρ i ⁄ a, aρ i ] . Then
log a

Ri =

–β +2
c1 ξi 2

∫

M 2 ( z ) dz ,

(5)

– log a

where z = log y .
The result of the integral in Eq. 5, say c 2 , is the same for every filter, and finally we can write
– β2 + 2

Ri = c1 c2 ξi

– β2 + 2

= cξ i

(6)

a. This is the main reason why Fourier methods have been used with success in electrical engineering, allowing to separate
the signal from the noise.
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When plotted on a log-log scale, the responses are distributed along a straight line whose slope is 2 – β 2 . Then
log R i + 1 – log R i
2 – β 2 = -------------------------------------log ξ i + 1 – log ξ i

(7)

It has been proved [18] that for a two-dimensional, isotropic random process with a power spectrum
–β
S ( ρ, θ ) = ρ 2 , the Hausdorff dimension is given by
 β2 – 2 
D H = 3 –  ------------2 

(8)

log R i + 1 – log R i
---------------------------------------------- = –FR ,
2 ( log ξ i + 1 – log ξ i )

(9)

Define

then Eq. 8 becomes
DH = 3 – FR .

(10)

2.1.2 Fractal cylinders
It has been shown that the Hausdorff dimension of a curve γ can be computed by considering the spectral density
S ( f ) of γ , and in particular it has been proved [18] that ifS ( f ) ∼ f

–β1

, the Hausdorff dimension is given by

5–β
D H = --------------1 .
(11)
2
The calculation of the Hausdorff dimension of surfaces can be reduced to the computation of the dimension of
curves γ obtained by intersecting the surface with a plane. The basis for this method is provided by a theorem
due to Mattila [10], which generalized a previous result by Marstrand [9].
Let S be a set in ℜ n with Hausdorff dimension D H ( S ) = s ; then, if s > n – m for almost all m planes V through
almost all points in S ∩ V ,
DH ( S ∩ V ) = s + m – n .

(12)

Then in case of n = 3 and m = 1 , it follows that the intersection of a plane with a surface S with Hausdorff
dimension s gives rise to a curve of Hausdorff dimension s – 1 for almost all planes V through almost all points
of S.
Thus if a cut γ of the surface S has dimension D H ( γ ) = s – 1 , then D H ( S ) = s and it is obvious that
7–β
D H ( S ) = --------------1 .
(13)
2
Note that this result does not depend on the assumption of isotropy. In the isotropic case β 1 = β 2 – 1 in accordance with Eq. 8.
Consider a geometrical object with d T = 1 and D = 1.5 (a fractal curve) generated by, e.g., one-dimensional
Brownian motion. We now build up a surface (d T = 2 ) as a Cartesian product of the original set with a line (a
fractal cylinder) - see Figure 1. Since the power spectrum of a fractal cylinder is restricted to a line, we have
β2 = β1 .
It is straightforward to show, with calculations similar to those in the previous section, that in this case the relationship between β 2 and R i is given by
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log R i + 1 – log R i
1 – β 2 = -------------------------------------log ξ i + 1 – log ξ i

(14)

Inserting Eq. 7 in Eq. 13, we obtain an expression for the fractal dimension identical to the one given by Eq. 10.
It must be stressed that Eq. 10 holds for both, isotropic fractals and fractal cylinders. (In general the relation
between β 1 and β 2 is more complicated and the result of the estimation will depend on the angular tuning of the
filters. The results presented in Figure 3 suggest that Eq. 10 can bee used with good approximation.)

2.2 Fractal dimension based on 1D local-energy filters
In order to estimate the power spectra with measures localized in frequency and space, it is reasonable to use
even and odd filter pairs and to compute their local energy (this operation can be used as a model for complex
cells [1][25][11][19] - see also Appendix ).
From Eq. 12 it follows that almost all cuts through the surface will have the same fractal dimension. Thus, traditional fractal measures perform an “OR-like” (arithmetic mean) combination of orientations in multi-dimensions.
We therefore use an operator L i( x, y) defined as the sum of local-energy filter outputs (complex cell model) at
different orientations to compute a fractal dimension in the following way:
DL = 3 – FL ,

(15)

where F L is defined in Eq. 10 with R = L (for the definition of L see Appendix ).
D L gives very good estimates of the Hausdorff dimension as illustrated in Figure 2. For the images in Figure 1,
we get D L = 2.56 for a and D L = 2.48 for b.
In the actual computations the difference log ξ i + 1 – log ξ i in Eq. 10 has been approximated by log ρ i + 1 – log ρ i ,
and the values F R obtained from two successive scales where averaged across four scales for 128*128 images.
Small constants have been added to L such that D L, N = 0 in the degenerate case of zero activity in all filters.

2.3 Intrinsic fractal dimension based on 2D local-energy
The natural alternative to the “OR-like” processing of different orientations is “AND-like” combination. We have
shown that the computation of curvature is, in essence, a specific type of “AND-processing” across orientation
governed by the compensation principle [20][21]. With a procedure analogous to that used for D L , we define a
curvature based dimension D N as (for the definition of the operator N see Appendix )
DN = 3 – FN .

(16)

The measure D N can be seen as a synthesis of concepts related to curvature, intrinsic dimensionality and fractal
dimensions. Gaussian curvature can only be defined for smooth surfaces. Using the concept of intrinsic dimensionality and the compensation principle one can define intrinsic-2D measures, in analogy to Gaussian curvature,
on a more general filter basis. These measures can then be used to define an intrinsic dimension like D N . Our
preference for the operator N is due to the fact that it computes a 2D-local energy. The filter size and spacing has
been adapted to assumptions about the properties of visual neurons. The measure D N , however, can be seen more
generally as not depending on a specific implementation of N . The basic requirements for N are that it should be
a 2D-curvature operator (and thus not respond to parabolic regions), and that it can estimate the spectral density
as tested in Figure 2. For isotropic fractals, D N gives very good estimates of the Hausdorff dimension. For the
images in Figure 1, we get D N = 2.51 for a and D N = 0 for b. It must be observed that, for D N , the fractal cylinder is a degenerate case corresponding to zero activity in all filters. The value zero is somewhat arbitrary in that
it depends on the normalization convention, but it is consistent with the fact that D N is related to the curvature of
the surface.
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DH

3

2.5

2

DL

2.98

2.48

1.98

DN

3.01

2.51

2.02

Figure 2. Test image for fractal dimension estimates. The image on the left (Gaussian white noise) was filtered
such that the power spectra of the next images are given as S ( ρ, θ ) = ρ –β2 with β 2 = 2, 3, 4 from left to
right. The values of the fractal dimensions are given below the corresponding images.
Figure 3 illustrates how the two measures D L and D N can be used to span a two-dimensional fractal-feature
space. Using only the traditional fractal dimensions a variety of fractal patterns between isotropic fractals and
fractal cylinders are collapsed to a line (the 3 examples in Figure 3 have the same Hausdorff dimension).

DN

3
isotropic fractals

(2.52, 2.48)

2

(2.54, 2.22)

1

fractal cylinders
(2.56, 0.0)
1

2

3

DL

Figure 3. The two-dimensional fractal feature space. The pattern in the middle is the product of the fractal
cylinder below ( D H = 2.5 ) and a horizontal fractal cylinder with D H = 2.25 . The Hausdorff dimension, and
thus D L , is determined by the set with the highest dimension, whereas a measure like D N is sensitive to the
lowest fractal dimension. Thus, isotropic fractals will lie on the diagonal, fractal cylinders on the D L axis, and
all other fractals in between.

93 SPIE Vol. 2031, Geometric Methods in Computer Vision, B. Vemuri, editor, 87-99, 1993.

3. MORE GENERAL STRUCTURAL PROPERTIES OF A 2D-CURVATURE SCALE SPACE
In the previous section we argued that two dimensions are needed to capture the fractal structure of images. Here
we just point out some further possibilities to derive image structure from nonlinear scale-space.

3.1 A differential result due to the diffusion equation
Let l( x, y, s) denote the image intensity at different levels of resolution. Since the determinant of the Hessian
defined as
det ( H ) = G = l xx l yy – l xy
2

(17)

can be seen as the 2D-curvature operator with the simplest analytical expression, we chose it to derive a simple
nonlinear diffusion result by just looking at the derivative with respect to scale G s:
G s = l xx l yys + l xxs l yy – 2l xy l xys .

(18)

Using the diffusion equation l s = ∇2l which holds for Gaussian blurring, we obtain:
G s = l xx l yyyy + l yy l xxxx + l xxyy ( l xx + l yy ) – 2l xy ( l xxxy + l yyyx )

.

(19)

Eq. 19 shows how changes with scale of a curvature operator can be expressed in terms of only spatial derivatives of l( x, y, s) . It also illustrates that G will change with scale only if the intensity l changes up to second and
fourth order. To make this point more clear we consider only isotropic local maxima of l . For such points Eq. 19
simplifies to:
1
G s = --- ∇2l ∇2 ( ∇2l ) ,
2

(20)

whereas a Laplacian scale-space would be governed by
( ∇2l ) s = ∇2 ( ∇2l ) .
(Note that Eq. 20 equally holds for the Gaussian curvature of a Monge patch defined by l .) However, by using
the clipped-eigenvalues operator C (Eq. 29), we obtain a 2D-curvature scale-space with the equivalent of Eq. 20
as
C s = ∇2 ( ∇2l ) .
This is because C equals the Laplacian for zero eccentricity.
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3.2 Stability of curvature maxima across scale
The figures in this section illustrate how the maxima, with respect to ( x, y ) , of different representations change
with scale. Simple geometric patterns are chosen to show the basic structure. A further example illustrates how
the maxima corresponding to natural images fill in the scale-space. We expect such patterns to give a useful
description of images in terms of local/global relationships in the curvature representations.

y

scale
x

Figure 4. Maxima of curvature across scale. Input image (top left), six samples from the 2D scale-space based
on the C operator (bottom), and position of maxima across scale (top right). For plotting the maxima, 64
scales have been computed by multiplying the cutoff frequency with a factor of 0.95 at each iteration. The
positions of the maxima where obtained by thresholding the outputs at different scales with the same relative
threshold of 0.5%.

x

y

y
y

scale

scale

scale

x

x

Figure 5. Maxima across scale for the local energy operators (same input as in Figure 4). The 2D local energy
h (left - see Appendix Eq. 26) gives a consistent tree structure whereas for the 1D-local energy g (right presented in two views) the maxima switch from the edges to the corners of the square.
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Figure 6. Examples of curvature maxima across scale illustrating feature merging (left - C operator) and a
typical structure of the maxima corresponding to a natural image (right - the maxima of C 2 are plotted).

3.3 Avoiding spurious resolution.
The criterion of causality for a scale-space representation requires that no spurious details should be generated
when the resolution is diminished [14] [7]. It has been shown that this condition implies that the normals of the
isoluminance surfaces of the scale space must point towards lower scales [7]. A Laplacian scale-space obtained
with Gaussian blurring will satisfy this condition under the assumption G ≠ 0 for all ( x, y ) (Eq. 27). A scalespace based on the C operator is more consistent since the regions for which this condition does not hold (e.g.,
parabolic patches) are not represented.

y

y
scale

x

scale

x

Figure 7. Isoluminance surfaces for Laplacian (left) and curvature operator C (dot-responsive cell model,
right) for the same input as in Figure 4. The points in scale-space with values in a certain range where plotted
as dots without interpolation. The Laplacian surface contains hyperbolic regions at the boundaries between
corners and edges thus indicating the presence of spurious resolution - see text.
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4. DISCUSSION
The fractal dimension, D L , based on local-energy filter outputs (complex cell model) has been shown to be a very
good approximation of the Hausdorff dimension, D H . In addition, the curvature-based fractal dimension, D N , has
been introduced to obtain a better description of natural fractal shapes by resolving the ambiguity between fractal
landscapes and fractal cylinders. We conclude that the visual system is well equipped for dealing with a fractal
environment since both fractal dimensions can be computed from models for visual neurons (complex- and
hypercomplex cells).
Our analysis of the “visual measurement of fractal properties” suggests that the latter should be treated as a specific aspect of the more general question of how intrinsically two-dimensional features vary across scale. We presented first steps towards such an analysis, showing that curvature maxima are stable across scales and that
spurious resolution can be avoided. Thus, 2D-neurons, operating on multiple levels of resolution, can provide a
consistent representation of the visual input.
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6. APPENDIX
The 1D- and 2D-local energy operators (complex- and hypercomplex cell models)
The operators are based on polar-separable band-pass filters defined as
2
π θ–θ 2
π log ρ – log ρ
G j ( log ρ, θ ) =  cos ---  -------------------------------0    cos ---  --------------j  
log ρ
2 θ
2
b

(21)

b

with ρ = u 2 + v 2 and θ = atan ( u ⁄ v ) , with ( u, v ) being the coordinates of the Fourier transform, ρ 0 the central frequency, log ρ b the radial bandwidth on a log scale, θ j the orientation, and θ b the angular bandwidth. The
filters segment the ( u, v ) plane like pieces of a cake. The filters G j at different orientations j have been used in
even/odd pairs corresponding to the filter responses g oj( x, y) and g ej( x, y) . The local energy response for one orientation j is defined as
a j( x, y) = g oj2 + g ej2

(22)

The quasi-isotropic operator used to estimate the fractal dimension D L is defined as
L i ( x, y ) =

∫ ∫ g (x, y) dx dy,
i

(23)

where
n

g i ( x, y ) =

∑ a (x, y),
j

(24)

j=1

and n = 8 in our simulations. The integral of g ( x, y ) with respect to ( x, y ) estimates the global energy, and
thus the global fractal dimension of the image. Various degrees of low-passing of the activity g ( x, y ) allows to
treat the image as a multi-fractal with a fractal dimension associated to a certain image region.
The 2D local-energy operator is defined as
N i ( x, y ) =

∫ ∫ h (x, y) dx dy
i
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(25)

where
n

h i ( x, y ) =

∑

a j( x, y)a j + 1( x, y) – b 2j ( x, y ) with a n + 1 = a 1 .

(26)

j=1

The compensation terms, b i ( x, y ) , are defined in the same way as a i ( x, y ) (Eq. 22) but with an angular function
θ–θ
1
--- cos π  --------------j  for the underlying filters. The orientation of the b i ( x, y ) lies in-between a i( x, y) and a i + 1( x, y) .
θb
2
Thus, the b i ( x, y ) compensate the spectral overlap of the multiplied filters a i( x, y) and a i + 1( x, y) according to
the compensation principle [23][22].
The clipped-eigenvalues operator (dot-responsive cell)
Let l( x, y) denote the image intensity. Eq. 17 for the determinant of the Hessian can then be rewritten as
1
1
2 = ( ∇2l ) – ε 2
G = --- ( l xx + l yy ) 2 – --- ( l xx – l yy ) 2 – l xy
2
4
4

(27)

The Laplacian and eccentricity ε determine the eigenvalues of the Hessian:
d 1, 2 = ∇2l ± ε

(28)

C = d 2+ – d 1- ,

(29)

The clipped-eigenvalues operator is defined as

where the clipping operation d +/- takes the positive and negative values respectively (one way rectification). Note
that C equals the Laplacian for isotropic patches where ε = 0 . The operator C has been described and generalised in [23] [2] and [3]; and the relationship to other curvature estimates has been discussed. The multi-scale version of C is obtained by blurring the intensity l( x, y) with a Gaussian kernel.
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